Abstract. In an ordered Banach space we consider initial value problems of the form u"(t) = C(t)u(t) + f(t), u(0) = uq, u'(0) = u\. Involving quasimonotonicity methods we give conditions which imply that u(t) > 0.
Introduction
Let (E, || • ||) be a real Banach space ordered by a cone K. A cone if is a closed convex subset of E such that \K C K (A > 0) and Kil(-K) = {0}. Then E is ordered by x<y<$y -X€K.
We will assume that K is solid, that is, K° ^ 0 (K° the interior of K), and we set Moreover we assume that K is normal, that is, there exists 7 > 1 such that 0<x<y=> ||x|| <7||y||. we will give sufficient conditions on C, /, uq, u\ such that u{t) >0 (0 < t < T).
Let L(E)
Let E* denote the topological dual space of E and let K* := {ip € E* : <p(x) >0(i£ K)}, [3] . We will prove the following theorem:
such that:
g(t) > 0, A(t)g(t) < h(t), A(t)g(t) < -h(t) (t G [0,T)), then, for C(t) = A 2 (t) and f(t) = g'{t) + h{t) (t G [0,T)), the solution of problem (1) satisfies u(t) > 0 (t G [0,T)).
The conditions in Theorem 1 are less restrictive than they may seem on a first glance. For this reason we will illustrate our result by a nontrivial finite dimensional example. Note that in finite dimensional spaces all cones axe normal, and that 5.) is valid for the homogeneous case g = h = 0.
Consider the space E -Pm, n > 1, of all real polynomials with degree < 2n, ordered by the cone K -{q G P2n : <l(x) > 0 (x G M)}. Note that for example p(x) := x 2n + 1 is from the interior of K. In this case Q± is the span of the following four operators Bj, see [4] : G [0,00) ). is a nonnegative polynomial in x for each t > 0.
For example B3 G Q± since (exp(tB 3 )q)(x) = q(exp(t)x) as can easily be verified by differentiation. Now consider A(t) = -B 3 -tl (t

Preparations
For the proof of Theorem 1 we need some results on qmi functions and differential inequalities.
For B G L(E) let T(B) denote the spectral abscissa of B, obtained for example by complexification of L(E) or by T(B) = lim (r(B + XI) -A),
A->oo
with r the spectral radius. 
Then K is solid {{p, 0) € K°), and the mapping R € L(E x E), R{x, y) = (y, B 2 x) is qmi (with respect to K).
Proof. is easy to see that K is a cone. Obviously Ap < 0 implies (p, 0) G K. Since Ap <C Ap the inequalities in the definition of K hold in a neighbourhood of (p,0). Hence (p, 0) € K°. We know that R is qmi if we can prove that exp(tR)(K) C K (t > 0). Since Bp < -Ap and since K is solid and normal, we know that T(B) < -A < 0 (see for example [2] ). This implies that B~L is decreasing (see for example [3] ). Let (x, y) G K. In particular x > ±B _1 y. We have 
G. Herzog
Hence exp(tR)(x,y) G K (t > 0). •
The following result is due to Chaljub-Simon, Lemmert, Schmidt and Volkmann [1] : Let (F, || • ||) be a Banach space and for each t G [0,T) let Kt C F be a solid cone such that 0 <s<t<T=>K a CK t .
The ordering induced by K t will be denoted by < t , <Ct. We adapt Lemma 1 in [1] for our case:
Then 0 < t w(t) for all t e [0,T).
Proof of Theorem 1 We fix A > 0 and set B(t) = A(t) -XI (t G [0,T)). Note that A(t)p <
According to Theorem 2 each K t is solid and for each t G [0, T) the mapping (x,y) H-V (y,B 2 (t)x) is qmi with respect to K t . Next, let 0 < s < t < T. We have K s C K t , since t > B(t)x is decreasing for each x > 0.
Consider the solution w\ = (u\, v\) :
Since (p, 0) is from the interior of each K t and since G [0, T) ).
•
